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M) _ o m

Let X ..,Xk )) be a random vector having ¢ inomial

‘ibution with parameters N and p = (p1,...,pk),

ble X
N N! 1 k
p(x™) < x|p) =TT =T P P s
RERRE
P X = (x1,...,xk) is a vector with nonnegative integer lents

sum N and p is any point in the simplex

k
Q= {(y1,...,yk)| iz1 y; = 1, Vs >0 for i .k} .
N) (ZEN),...,ZiN)) we denote the random vector with ents
N
(w) X§)
z;0 = = , iz 1,....k .
For N = 1,2,..., consider tests based on Z<N) for the esis

t SW 3/70 Mathematisch Centrum, Amsterdam.




H: peh
st the alternative

K: peA1 R
AO and A1 are disjoint subsets of Q and A = AOUA1 may be a proper
t of Q. It is assumed that the sizes aN of the tests depend on N

zh a way that a
1)

- > 0 for N + », The likelihood ratio test based

for H against K rejects H for large values of the statistic
k .
inf sup z ZﬁN) log Ei .

peAO mel i=1 i

)ly with randomization on the set where the statistic assumes its

:al value.
m [2] W. Hoeffding considered a special case of this situation

A = Q, in which case the likelihood ratio statistic (1.4) reduces

o zﬁN)
inf ) Z;" log = .

pEAO i=1 i

per [2] is devoted to making precise the following proposition in
ase.

given test of size ay is "sufficiently different” from a likeli-
atio test, then there is a likelihood ratio test of size < oy which

stderably more powerful than the given test at "most" points p in

t of alternatives when N is large enough, provided that ay > 0 at




table rate."

onsiderably more powerful" is meant here that the ratio of the
probabilities of the second kind at p of the two tests tends to
more rapidly than any power of N.

ondition that ”aN > 0 at a suitable rate" will typically imply
mN tends to zero more rapidly than any power of N, i.e. that
xN/log N+ =,

If the likelihood ratio test is much better than a given test for
alternatives, it is natural to ask how much worse it can be for
amaining alternatives or sequences of alternatives. Let BN denote

>wer function of the size—aN likelihood ratio test based on Z<N)

. + . .
against K and let BN be the 51ze—aN envelope power for testing H,

Sg(p) is the power at p of the size—ocN most powerful test based
1)

for H against the simple alternative p. The shortcoming of the

' likelihood ratio test for a given N is defined by

.in purpose of this paper is to show that for a simple hypothesis
under a condition concerning the speed of convergence of aN to
the shortcoming of the likelihood ratio test converges to zero

mly on the set of alternatives. We note that for testing the

hypothesis H: p = po (pOeA) against K: peh, = A-{po} the likeli-

atio statistic (1.4) reduces to

k T.
sup z Z£N) log -%;.
Tel i=1 P,




THEOREM 1.1.
Let A be an arbitrary subset of Q, po an arbitrary point of A and let

RN denote the shortcoming of the size-ocN likelihood ratio test based
()

on Z for H: p = po against K: peh, = A—{po}. If
lim a, =0 , -log oy = o(N) for N » =,
N>

then

lim sup R (p) =0 .
N0 pe./\1 N
Although Hoeffding's result and theorem 1.1 are complementary in

the sense mentioned above, we wish to point out that they are of an
entirely different nature. Hoeffding's theorem concerns fixed alternatives
and the performance of the likelihood ratio test is compared to that of a
fixed sequence of tests by considering the ratio of error probabilities
of the second kind. The alternatives at which the likelihood ratio test
is considerably more powerful in Hoeffding's sense are necessarily
alternatives where the power of the likelihood ratio test tends to one
very rapidly. Since also the convergence of oy to zero is assumed to
be fast, the probabilities to be considered under the hypothesis as
well as under the alternative are all probabilities of large deviations.
The tools used to estimate these probabilities are theorems 2.1 and A.1
in [2] which are reproduced here as lemma 2.6.

In theorem 1.1 on the other hand the performance of the likelihood

ratio test is compared at each alternative to that of the most powerful




test for that alternative. The comparison is in terms of power differen
and the result is uniform on the set of alternatives. Alternatives or
sequences of alternatives for which the power of the  likelihood ratio
test tends to one play a role only in so far as uniformity is concerned
and the theorem is basically concerned with sequences of alternatives
for which the power of the likelihood ratio test remains bounded away
from one. Under alternatives we only have to compute probabilities of
small deviations which is done by applying the central limit theorem.
As oy is allowed to tend to zero either slowly or fast, we are dealing
with intermediate as well as large deviations under the hypothesis. In
the former case where -log o= o(N1/6), theorem 1.1 was first proved
by using classical limit theorems by J. Oosterhoff in [3] under the
additional assumptions that A = Q and that po is an interior point of
Q. We shall use this result (lemma 3.1) as a starting point for our

investigation in the case where o_'tends to zero slowly. In the case

N
Where<%ytends to zero fast the resulting probabilities of large devia-
tions are dealt with in the same manner as is done in [2].

The condition -log Uy = o(N) in theorem 1.1 is unduly restrictive
and occurs there only for the sake of simplicity. In fact we shall show
that it may be replaced by the assumption that there exists € > 0O such
that for all sufficiently large N
O)N eNe

(1.8) . z_(1-pm

bl

where pg is the smallest positive coordinate of po. Moreover, further

refinements of this condition are possible.




The reason that we need an assumption of this. type at all, is to
. complications arising from the fact that under sequences of
natives converging sufficiently fast to certain boundary points
- the distribution of the likelihood ratio statistic degenerates
apidly. The nature of these complications is most easily made
for alternatives located at the extreme points of Q (i.e. the

s with a coordinate equal to 1).

LE 1.1,

for pO the point with coordinates pg = k—1, i=1,...,k, and

se that A contains all extreme points of . Choose a. = k-N. The

N
(W)

stic (1.7) assumes its maximum value if Zi

= 1 for some i. Since
) = 1|po) = k—N for each 1, the size—aN likelihood ratio test re-
H: p = po with probability k"1 if ZgN) = 1 for some i and hence
ower at each of the extreme points of Q is equal to k_1. For each

2 size—aN most powerful test for H: p = po against the simple

(W)

1ative b, = 1 rejects H if Zi = 1 and has power 1 at b, = 1.
iortcoming of the likelihood ratio test at each of the extreme

s of @ is therefore equal to 1-k"1 for every N.

of course easy to modify this example in such a way that no
iization occurs.

hereas Hoeffding's result is restricted to the case where A = Q
lows a composite hypothesis H, theorem 1.1 places no restriction
ut deals only with a simple hypgthesis H. In section 4 we shall

Yy means of a counter-example that even for the case where A =

m 1.1 does not hold in general for a composite hypothesis H.




Section 2 of this paper contains some preliminary results on the
multinomial distribution. In section 3 we prove theorem 1.1 and show

that the condition -log a_ = o(N) may be replaced by (1.8). Section k4

N

is devoted to the case where the hypothesis H is composite.

2. Preliminary results

For any set AcQ we shall denote by AN the set of all yeA for which

Ny has integer coordinates.

LEMMA 2.1.
. N . . _ (N)
For any AcQ for which A" is non-empty, the function f(p) = P(2'"’ealp)

assumes its maximum value only at points p in the convex hull of AN.

PROOF. Let m be a point in the complement of the convex hull of AN.
Since AN contains only finitely many points its convex hull is closed
and hence there exists a hyperplane separéting T and AN, i.e. there
exists a vector a = (a1,...,ak) such that ) ai(zi-ni) > 0 for all zeAl.
Because z z; = Z T, = T we may choose a in such a way that Z a,m. = 0
and z a.z. > 0 for all zeAN. As 2 a.m. = 0 and a.m, = O whenever m. = 0,
i%1 i'i i'di i
the points with coordinates m. + ea;m. are points of Q for all sufficien

small € > 0. Hence

(2.1) § a.m. —3—'f(p)| = % a. ) P(Z(N)=z[n) Nz. =
i2q 11 Bpi p=T s=q ZEAN 1
k
(W)
=N ) . P(z2V=z|n) ) a.z
ze AN i=1 171




jirectional derivative of f at T in a direction in © multiplied
ronnegative constant. Note, however, that aiwi may be equal to
for all i if m.o= 0 for some 1i.

[f £(m) > 0, then (2.1) is positive because ) 8.2; > 0 for all
aind consequently f does not have a maximum at 7. If £(m) = 0 the

*onclusion holds since AN is non-empty.

"or z,pefl we define

k
1
I(z,p) = ) z. log — ,
i=1 i
z; log(zi/pi) = 0 by definition if z; = 0. It is well known that
.xed p this function is convex in z, positive unless z = p and
y if p; # 0 for all i. In lemma 2.2 we show that under p the randon

le I(Z(N),P) is of order at most N in probability uniformly

2.2,

ery € > 0 there exists A > 0 such that for all N

sup P(I(z'77,p) > A’I p) <€ .
—N a—
pef
For O i_zi <1, 0« pi.i 1,
5 2i7Py 2;7P (Zi_pi)
og = = z. log(1 + ) Sz = (zi—pi) + .
Pj Py Py Pi




(N)

Since under p, 2,7 =14 log(Zi

/pi) =0 a.s, if p; = 0, we have

under p

E(I(Z <

<
.0)|p) o T LH

(W) ) p; (1-p;) . k-1
Py

Application of Markov's inequality completes the proof.i[

]
Let © denote the interior of @,

I~

(2.3) &= {y 5|
1

y; =1, y; >0 fori=1,...k}
1

o
and define for per, peR,

k . k P.
2 0 1 .2 2
(2.%)  o%(p,p7) = I p;(log =5 )% - (] p, log =) .
i=1 P- i=1 P
i i

k
(2.5) T = ) ZﬁN log =

ander p for fixed poeﬁ and varying pef. The distribution of TéN) under
> is degenerate if and only if the positive coordinates of p are pro-
»ortional to the corresponding coordinates of po (as before we take

) log 0 = 0 by definition). For p # po and p > € > 0 (i.e. P, > € for
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all i = 1,...,k) the following lemma provides a

mation. By ¢ we denote the standard normal dist:

LEMMA 2.3.
For any fixed poeﬁ and € > 0,
N 0

T( ) - I<p:p )

lim P(—2—o N
0
N->oo a(p,p )

1/2

< alp) = ¢(a)
uniformly for all a and all peR with p # po and

PROOF. Under p the distribution of NT;N) is the

I~
<

1 d

where Y1,...,Y are independent and identically

N

variables with

Py
(2'6) P(Yj = log —_O—) = Pl ’

Py
Hence

N 0

(2.7) E(TI() Np) = 1(p,0%) ,
' 2 N - 2 0
(2.8) o (TI() )Ip) =N o (p,p )
et F be the distribution function of

‘m nor:

n func

.S that

buted
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(N) 0
I, - Ilpsp) 172

o(p,p°)

and for m = 2,3 , let vm o denote the m-th absolute central moment of
]

Yj. Since the distribution of Yj is degenerate only if the positive

coordinates of p are proportional to the corresponding coordinates of

[e]
po, v o is positive and finite if p # po and pefl. Hence by the Berry-
b

Esséen theorem (cf. [1]) we have for all a and N and for all peﬁ, P # po,

-1/2

(2.9) |F._(a) - ¢(a)] < c v w32y ,

N,p - 3,p 2,p

where ¢ is a constant independent of a, N and p. By (2.6)

if p # po and p > € then ptng = max pjng is positive and finite and as

J
a result

—3/2 3( 2)’3/2 =

-1/2 -1/2
<
3’pv2,p j_kptnt ptnt ke

Y t —_— ¢

kp

Together with (2.9) this proves the lemma.

LEMMA 2.L4,

[e]
Tor every fixed pOeQ and € > 0 there exist 0 < M1 < M2 < » guch that

0 2, 0 0
My I(p,p) 2 0"(psp ) <M, I(p,p )
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for all peQ with p > e,

PROOF. By expanding the logarithms involved we find that for p€§ with

max|p,-p| < 6,

. k (p;-p;)°
(2.10) I(p,p ) = 1/2 } ——15—5——-+ o(83) R
i=1  p.
1
2
k (p.-p.)
(2.11) Og(p,po) = z -——l—-—o—l—- + 0(53)
i=1 o)

The proof is completed by noting that for p outside a neighborhood of
0

po and p > €, both I(p,p ) and oe(p,po) are bounded away from zero and

infinity. ||

For poeACQ we shall have to consider

k m

(N) i
sup z Zi log o
mel 1i=1 p;

vhere z: log(ﬂi/pg) = 0 by definition if z; = 0. Note that under pel

his random variable is defined (possibly +=) with probability 1.

EMMA 2.5,
.t A be an arbitrary subset of Q, po an arbitrary point of A and define

L, = A-{po}. Furthermore, let c_ and a

1 N N° N=1,2,... , be sequences of
ionnegative real numbers such that
Na§
lim ey = 0 , 1lim NcN = . 1im = = o .
N0 N0 N> ~N
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Then

k w
sup P(sup ) Z(N) log = O < ¢ +a I(Z(N)

2
peA1 meh 1i=1 P NN

tends to zero for N - o,

PROOF. Under peA1,

k T, k e
sup ) Z(N) log "‘é‘ > 1z ¥) log -é— = I(Z(N),po) - I(Z(N),p)
mel i=1 14 i=1 124
a.s. since under p, O i_I(Z(N),p) < ® ga.,s.. Hence the lemma is proved

if we show that

sup P(C —ay < I<Z(N)3P + I(Z(N),p)lp)

peA1

I A
0
+

N
tends to zero for N + «, By lemma 2.2 it suffices to: show that for

every A > O

(2.12)  sup P(e -a. < I(Z , 0 ) <c. + a_ + 4 ! p) > 0
N N — - N
Pe
for N -+ =, We consider three cases.
(=] -
(i) Suppose that pOeQ. Since °y + &y + AN [ 0 for N > =, there exists
£ > 0 such that for all sufficiently large N the set
[z|zeQ,I(z,pO) Seytegt AN-T} is contained in the convex set

[zlzeQ,zi > e for i =1,...,k}. By lemma 2.1 the supremum over Q in

(2.12) may therefore be replaced by the supremum over the set of all




Th
pef with p > €. Furthermore, we may again use the fact that under D

p.
N) log —% + I(Z(N)

1 p.

D) a.s.

and 0 E_I(Z(N),p) < ® a.,s.. It follows from lemma 2.2 that to prove

(2.12) it is sufficient to show that for every A > 0 and € > 0

k P.

A (N) i A

- - — . — + —

(2.13) ;zg P(cN e § i’iz Zl log 5 j_cN+aN T |p)
- i

tends to zero for N - =,

The condition NcN + o implies that Cy is positive for all suf-

ficiently large N; together with the condition N 2c"1 ~ 0 it also yields
Ny

c
(2.14) ay + 3 = o) = oley)

N N N

for N » «~, Hence ¢, - a_ - Al\T—1 > 0 for all sufficiently large N. As

N N
for p = po the random variable in (2.13) is equal to O a.s., the supremu
in (2.13) may be restricted to the set of all p # po with p > €. Applyin

lemma 2.3 we find that it suffices to show that for every A > 0 and

= >0

-1 0
cytaytAN -I(p,p )
%)

(2.15) o n'/2) 4

o(p,p

-1 0
cy—ay—AN -I(p,p ) §1/2

-0 )

o(p,p°)

;ends to zero for N » «, uniformly for all p # po with p > e.




15

Define, for N = 1,2,...,

[¢]
0 0 N
U, = {elpe2, o #0°, p2e, Tp,p) <5,
0 0 °y
QN2= {plpﬁﬂ,p#p » P2 E, I(P,P ) >2_
H
For pGQN > (2.15) is bounded above by
H)
1 e - a. - AN
I | N N1/2)
0
U(P,P’)
and by (2.14) and lemma 2.L
1 -1 1/2 1/2
2l e SR V- R AR §
0 0, — 0\,1/2 =
o(p,p ) 20(p,p ) 2(M,I(p,p")) /
Ne
>(-——N)1/2+°o for N + =,
=~ ‘om
2
For peQN 5 (2.15) is bounded above by
H
ay * av”’! 1/2 1 N 1/2
N < (ag + AN ) ( N <
O(Pap ) M1I(Psp )
- N M1CN

)y the mean value theorem, lemma 2.4 and (2.14). Hence the suprema

2.15) over both QN 1 and QN 5 tend to zero which proves the lemma

9 H]
Led.
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0 is a boundary point but not an extreme point of

(ii) Suppose that p
Q3 without loss of generality we assume that for some 2 <m < k-1,

pg #0 for i = 1,...,m and pg =0 for i = m+1,...,k. Since I(z,po) =
if z; # 0 for some m+1 < i < k, the set {z]ze@,I(z,p°) j_cN+aN+AN_1}
is contained in the convex set {zlzeQ,zi=O for i = m+1,...,k}. By
lemma 2.1 the supremum over Q in (2.12) may therefore be replaced by

the supremum over all pef with p;, = 0 for i = m+1,...,k. But under

any p with p. = 0 for i = m+1,...,k,
P D,

N
(M) o, _ ® _(m) Zi)
I(z7,p) = ) 2 log =5 a.s.
1=1 14
and (ZsN),...,Z;N)) has a multinomial distribution with parameters N
and (pT,...,pm). Thus we have reduced the problem of proving (2.12) to

the same problem in a lower dimensional parameter space where
(p?,...,pi) is now an interior point. This has been dealt with in (i).
(iii) Suppose that po is an extreme point of Q. This implies that

I(Z(N),po) can only assume the values O and «., Since cy~8y > 0 for all

sufficiently large N, (2.12) is immediate. ||
We remark that in the proof of lemma 2.5 we have made use of the

condition ¢y > 0 only to ensure that in case (i), for every A > 0

{z]zeQ, I(z,po) Segtagt AN_1}C{z|zeQ, z > e}

N

‘or some € > O for all sufficiently large N, whereas in case (ii) it

.s needed that the same condition holds for the reduced lower dimensional

»roblem. As ay * Al\I-'1 = o(cN) by (2.14), lemma 2.5 will continue to hold

.f we replace the condition ey 0 by the following assumption. For all
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sufficiently large N the set {z[zeQ,I(z,po) j_cN} remains bounded away
from the set of all points zeQ that have z; = 0 for all i for which
pg = 0 but also for at least one i with pg # 0. This extension of lemma
2.5 is the main step in relaxing the condition -log ay = o(N) in theorem
1.1 (ef. section 3).

We complete this section by stating the result on large deviations

of W. Hoeffding in [2] that we already referred to in section 1. For a

non-empty set AcQ and pef, define

k Z.
(2.16) I(A,p) = inf I(z,p) = inf | z, log -,
zZ€A zeA 1i=1 Py

If A is empty we take I(A,p) = +~., We recall that for any AcQ, AV

denotes the set of all zeA for which Nz has integer coordinates.

LEMMA 2.6 (Hoeffding).

Uniformly for all AcQ and all peQ,
(W) _ . N
(2.17) P(z"" 'eAlp) = exp[-NI(A",p) + O(log N)I .
foreover, for any peQ and any sequence ANCQ with convex complements,

I(ay>p) = T(A,p) + 0" 1og ) |

ence

'2,18) p(zWen |p) = expl-NI(Ay,p) + O(log 1)1 .
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3. Proof of theorem 1.1

The size-aN likelihood ratio test based on Z(N) for H: p = po

against K: p #_po rejects H if

(W)
() o .E o

(3.1) (277 ,p i log = > ey
1=1 P

with possible randomization if equality occurs. For this case, where

A =Q, J. Oosterhoff [3] showed that theorem 1.1 holds under the additic
assumptions that poea and that Oy tends to zero slowly. In his proof

he found that under his conditions -log ay ™ NcN for N -+ «, which im-

plies the conclusions concerning c_ in the following lemma.

N

LEMMA 3.1 (Oosterhoff).

Let po be an arbitrary point of Q and let RN denote the shortcoming of

the size—ocN likelihood ratio test (3.1) for H: p = pO against K: peQ-{pC

If

for N » =,

then

lim sup RN(p) =0 |,
N+ p#p0

and NcN > @, cN > 0 for N » =,

We begin by removing, as far as possible, the restriction poeﬁ in

lemma 3.1.
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LEMMA 3.2.
Let p0 be an arbitrary point of Q and let RN denote the shortcoming of
the size—aN likelihood ratio test (3.1) for H: p = po against K: peﬂ—{pc
If

1/6

lima. =0 , -log a_ = o(N

N->oo

) for N » o,

then

lim sup RN(p) =0 .
N> pip?

Moreover, l\TcN > o, cN -+ 0 for N -+ «» unless po is an extreme point of .

PROOF. If poeﬁ lemma 3.2 is merely a repetition of lemma 3.1. If po is
an extreme point of @, then the likelihood ratio test is uniformly most
powerful and hence its shortcoming is identically equal to zero for all
N. We may therefore suppose that po is a boundary point but not an
extreme point of Q; without loss of generality we assume that for some
2 <m < k-1, pg #0 for i =1,...,m and pg =0 for i = m+1,...,k.

In this case any admissible size—ocN test for H: p = po against

EN) # 0 for at least one

= m+l,...,k, and with probability ¢N(Z1""’Zm) if Z(N) =z for

i
=1,...,m and ZEN) =0 for i = m+1,...,k. The size—ocN likelihood ratio

{: p # po rejects H with probability 1 if Z

—-

—

sest (3.1) is of this type with

1 >
m zi
‘3-2) ¢N(Z1,...,Zm) =4 if .2 Zi log -6 = CN .
1=1 D.
0 1 <

There 0 < § < 1.
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~(N) 7 (M),

Let us introduce an auxiliary random vector 2 N) (Z1 seeesl
such that NE(N) has a multinomial distribution with parameters N and
5 = (51,...,5m), where 5 is any point in

(3.3) Q= {(y1,...,ym)| y; =1, y; 20 fori=1,...,n} .

1

[ }=]

i=1

(N)
(Zm+1

= ... = ZQN) = Olpo)

hood ratio test as well as for any admissible size—ocN test

Since P = 1, we have for the size-o_ likeli-

N

~()), |~0
(3.4) ay = 8o, Z)[30)
~0 0 0 0
where p~ = (p1,...,pm). For the power of such a test at p # p we have

1 if p1 = ,,, = pm =0
(3.5) By(p) =
1oy WNE(¢N(E(N))|;) otherwise ,
#here
m - P
(3.6) m o= 2 P; » Py T4 for i =1,...,m .

N)

For the random vector Z » consider the auxiliary problem of

~

sesting ﬁ: 5 = po against K: 5 # 50, where 5 denotes the parameter

(W)

rector of the distribution of Z

I with probability ¢N(z) if E(N) = z. Such a test has size aN if and

. A test for this problem will reject

mly if o satisfies (3.4), and its power at p is given by
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(3.7) 5,0) = 56, ET)[5)

Thus there exists a 1-1 correspondence between the class of size-a

N
(N) . . . . (N)
that reject H with probability 1 if Z #0

tests for H based on Z :

for at least one i = m+1,...,k and the class of all size—ocN tests for H
based on Z(N). Here corresponding tests. have the same function‘¢N and

hence by (3.5) and (3.7) we find that for all p with p; # 0 for at least

one i = 1,...,m, their power functions satisfy
(3.8) By(@) =1 -7 + 1 B (p)

~ . + ~+ .
where T and p are defined by (3.6). Let BN and BN denote the size-ag
envelope power functions for testing H on the basis of Z(N) and H on
the basis of E(N) respectively. Since only admissible size-ocN tests

. . . + .
for H enter into the determination of BN’ it follows from (3.5) and

(3.8) that
1 if P, = . = Py =0
+
(3.9) By(p) =
1 - ﬂN + NN E;(;) otherwise,

there T and ; are defined by (3.6).

The likelihood ratio test for the auxiliary problem of testing H

\gainst K is based on the statistic I(i(N),SO). As the function ¢y Tor

she size—aN likelihood ratio test given by (3.2) satisfies (3.L4), this

unction is also the test function of the size—otN likelihood ratio test
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against K. In the first place this implies that the critical

s of the two size—aN likelihood ratio tests are both equal to the

anumber ey In the second place it means that (3.9) will continue

. . + ~+
ld 1f the envelope power functions BN and BN are replaced by the

functions BN and EN of the size-a  likelihood ratio tests. Hence,

N

and EN denote the shortcomings of the size-ocN likelihood ratio

for H against K and for ﬁ against i respectively, then
0 if Py = ... =p =0

o EN(S) otherwise,

m and 5 are defined by (3.6). Since m < 1 and RN(p ) =0,

sup R _(p) < sup R_(p) .
N -~ 5 N
p#p? D#D

is an interior point of Q we may apply lemma 3.1 to the auxiliary

1g problem to conclude that the right-hand side of (3.10) tends to

Jur next step will be to remove the restriction A = Q.

ind that NcN > oo, cN > 0 for N - o,

3.3.
be an arbitrary subset of @, pO an arbitrary point of A and let
1ote the shortcoming of the size—aN likelihood ratio test based
1y _ .0 . _ 0

for H: p = p against K: ps.A1 = \-{p }. If
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(3.11) lim oy =0, -loga. = o(N1/6) for N »> o,
N0 N
then
lim sup R_(p) =0 .
N
N> pel

1

PROOF. If po is an extreme point of Q, the likelihood ratio test for H
against K is uniformly most powerful against K and hence its short-
coming is equal to zero for all peA1 and all N. We may therefore suppose
that p is not an extreme point of Q.

The size—aN likelihood ratio test for H against K rejects H if

k .
(3.12) sup ) ZgN) log —

med i=1 * P
possibly with randomization if equality occurs. Let us compare this
test with the size—aN likelihood ratio test (3.1) for H against p # po.
By lemma 3.2 the shortcoming of the latter test vanishes uniformly
for all p # po for N > < and hence lemma 3.3 will be proved if we show
that

k .
N > N 0
sup P(sup | Zé ) log —%'j_cN, I(Z( ),p ) z_chp)

pe/\1 meA 1=1 i

tends to zero for N -+ =, where Cy is the constant that occurs in (3.1).

is po is not an extreme point of Q, lemma 3.2 also ensures that ey 0

and NcN > @ for N - «, Furthermore we note that under any peA

(3.13) sup ) Z§ log —6'5_1(2 P

k() "3 (™) o,
mTel 1=1 X
1

el




2

Since the tests (3.1) and (3.12) have the same size, it follows that
c§-and ¢y may be chosen in such a way that c;-i_cN. To prove lemma 3.3
it is therefore sufficient to show that
k m
)

sup P(sup ) ZgN log —= < c__, I(Z( ,p ) > c_|p)
L 1 0—"N N
peA1 Teh 1=1

i
tends to zero for N - «, As ey 0 and NcN + o for N + «, this is the

content of lemma 2.5 for a_ = O.||

N

We now turn to the case where aN tends to zero fast.

LEMMA 3.k,
Lemma 3.3 holds if the conditions (3.11) concerning ay are replaced by
-log ay

(3.1k4) lim.-——————7§ =w , =loga_ = o(N) for N + o,
N+~ (log N)

PROOF. For the same reason as in the proof of lemma 3.3 we may restrict

attention to the case where po is not an extreme point of Q. Consider

the size—aN likelihood ratio test (3.1) for H: p = po against p # po.

The convexity of I(z,po) in z ensures that the sets

%)

{z|zeq, I(z,p z_cN}

Ay

jos)
1}

{z|zeq, I(z,po) > CN}

have convex complements. By the second part of lemma 2.6




exp[—NI(AN,pO) + O(log N)J = exp[-Ne_ + O(log N)I ,

N

or Ne, < =log o, + O(log N). This implies that c

N - 0 for N -+ «» by the

N N

second part of (3.14). For zeQ, the function I(z,po) assumes all values

in the interval [0,-log pg] where pg is the smallest positive coordinate

of po. As po is not an extreme point of Q, -log pi > 0 and hence

0 ey < -log pg for all sufficiently large N. For these values of N,
0
)

= cy and by the second part of lemma 2.6

a, > P(I(Z(N),po) > chpO) = exp[—NcN + 0(log N)J .
Hence

a_ = exp[—NcN + 0(log N)] , Ne_ = -log o_ + O(log N)

N N N

together with (3.14) this yields

NcN
(3.15) lim————% =« , lim ¢y =0 .
N> (log N) N-»co

By the first part of lemma 2.6 there exists a number 0 < a < =

independent of N, such that for every N and every z(N)eQN with

I(z(N) po) < ¢, - a(log N)/N,

N

P(Z(N)»_: z(N)|pO) > exp[-Ne + a log N + 0(log N)]J 2 Now .

N
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Obviously, any size-aN test for H: p = po cannot reject H with probability

1

larger than N = if Z(N) assumes one of these wvalues z(N). Hence the

. + . . .
31ze-aN envelope power BN for testing H satisfies

-1 N) 0
(3.16) ay(@) <0+ (2™ 20 > o - a )
0
for all p # p , Where
(3.17) a = 2280 0<a<w,

We note that (3.16) is a slightly modified form of a conclusion due to
W. Hoeffding in [2].
It follows from (3.16) that the shortcoming RN(p) at p of the

size—aN likelihood ratio test (3.12) for H against K is bounded above

oy
k m.
N >* N 0
P(sup z Zi ) log —%'j_cN, I(Z( ),p ) Zecy - aNIP) .
mel i=1 i

3y the reasoning given in the proof of lemma 3.3 we may assume that

:;-j_cN and hence lemma 3.4 is proved if we show that

S om0
sup P(sup ) 2 log = <c¢

et 0
peA_l mel i=1 5

N 0
i N® I(Z< )ap ) ..>.. CN - aN|P)

-ends to zero for N »~ «. By (3.15) and (3.17), ¢ > O, Ne, » = and

N

[aﬁ/cN > 0 for N > «, Application of lemma 2.5 completes the proof.
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PROOF OF THEOREM 1.1. The theorem is proved by splitting up the sequence
oy into two sub-sequences satisfying (3.11) and (3.14) respectively
and applying lemmas 3.3 and 3.L4.||

In section 1 we claimed that the condition -log o_ = o(N) in

N
theorem 1.1 may be relaxed. To see how this can be achieved we obviously
need not consider the proof of theorem 1.1 for the case where QO + 0
slowly; we only have to inspect the proof of lemma 3.4,

In proving lemma 3.4 we have made use of the condition -log Ay = o
only to conclude that Cy + 0 for N + «, provided that pO is not an
extreme point of Q. This fact was needed on two occasions. In the first
place it was used to ensure that, if po is not an extreme point of 9,
we have 0 j_cN < -log pg for all sufficiently large N, where pi denotes
the smallest positive coordinate of po. As the function I(z,po) assumes
its largest finite value -log pg at those extreme points zeQ for which
z, = 1 for some i with pg = pg, the assertion 0 Sy < -log pg is
equivalent to saying that the set

(3.18) = {z]2¢Q, 1(2,0°) < ¢

Cy

does not contain these specific points of Q. We recall that CN is the

closure of the acceptance region of the size-o_ likelihood ratio test

N
0 . 0
(3.1) for H: p = p against p # p .
In the second place, the fact that CN > 0 was used to ensure ap-
olicability of lemma 2.5. However, in the remark following the proof

>f this lemma we pointed out that the lemma remains valid if the con-

iition ey 0 is replaced by the following assumption.
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ASSUMPTION 1. For all sufficiently large N the sets CN defined in (3.18)
remain bounded away from the set Dpo of all points zeQ that have z, = 0
for all i for which pg = 0 but also for at least one i with pg # 0.

This assumption obviously implies that, for all sufficiently large N,
the set CN does not contain any extreme points of @, unless po itself

is an extreme point. It follows that theorem 1.1 will continue to hold
if the condition -log oy = o(N) is replaced by assumption 1. Note that
assumption 1 imposes no restriction if po is an extreme point of Q.

One easily verifies that for po <1 (i.e. pg < 1 for all i),

. 0
inf I(z,p ) = —log(1-p$) ,
zeD 0
p

where pg is defined as above. Since I(z,po) is convex and uniformly
continuous on the set of all z that have z, = 0 for all i with pg =0,
assumption 1 is equivalent to the requirement that if po < 1, there
exists € > 0 such that for all sufficiently large N, °x 5_—log(1-pg) - E.
Joing over the proof of lemma 3.4 we find that this, in turn, is equi-
valent to

ASSUMPTION 2. There exists € > 0 such that for all sufficiently large
¥, -log ay g_N(-log(1-p§) - €), where pi denotes the smallest positive
:oordinate of po.

Jote that if po is an extreme point of Q, assumption 2 imposes no
restriction on the sequence Oy e As assumptions 1 and 2 are equivalent,
she condition -log oy = o(N) in theorem 1.1 may be replaced be the

>bviously weaker assumption 2.

By sharpening lemmas 2.3 and 2.5 one can show that theorem 1.1 will
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still continue to hold if CN does approach D 0 for N +» =, but does so
b

sufficiently slowly. In assumption 2 this corresponds to allowing € to

tend to zero for N + =, provided that this convergence is sufficiently

slow.

L., The case of a composite hypothesis

In this section we show by means of a counter-example that theorem

Q

1.1 breaks down in the case of a composite hypothesis H even when A

N) (N) (V)

We consider the binomial case k = 2 and write Z( = Z1 s 1 - 2Z

(W)

=ZS
c

p =p, and 1-p = P,- Thus "NZ has a binomial distribution with para-

meters N and p where p is an arbitrary point in [0,1]. For zel[0,1],

pel0,1] and AOC[O,1] we define

(4.1) I(z,p) = z log §-+ (1-2z) log %Ei R
(L.2) I(z,AO) = inf I(z,p) .
peAO

If AO is a proper subset of [0,1] one may consider the problem of
testing H: peAO against K: péAO. A non-randomized likelihood ratio test

for H against K rejects H if

(.3) rz™ ) >3
the size of this test is

N ~
(h.1) ag = s 22z ,00) > T Jp)

peAO
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Consider any fixed sequence of positive numbers ;N such that

(4.5) lime, =0 , limDNo, = ,

We choose two positive integers a and b and a sequence dN such that
0 < dN < CN for all N and NdN + 0 for N » », Next we construct a set
AOC[O,1] with the following property. There exists an infinite sequence
of positive integers N1 < N2 < ... such that for every i the following

conditions are satisfied.

(1) A, contains points P; <D 2 with
I3, p. .)=c. - for j = 1,2
N. * F1,] N. dN. =
i i i
(ii) Ao contains points P; 3 <Dp n with
(1 - b p. .) =c¢ for j = 3,4 .
Ni b l,.J Ni . H]

(iii) A, does not contain points in (pi,1’pi,2)U(Pi,3’pi,h)'
To'see that this construction is possible we note that for sufficie

large N, 1°'< a,b < N-1 and hence

a a b b
I(ﬁ,o) I(ﬁ,1)=I(1—ﬁ,O)=I(1—ﬁ-,1)=°°.
Thus, for any sequence N1 < N2 < ... With N1—1 > max(a,b), points 1 ;
H

7ith properties (i) and (ii) exist for every i. Notice that obviously

-1 -1 . ~
J < pi’1 < aNi < P: 5 and pi,3 < 1—bNi < pi,h < 1. Since ey 0 for

2
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N > ©, we can also ensure for every 0 < € < 1/2 that Pio < g < l-g < P,
H]
by choosing N1 large enough. Having chosen N1 > max(a,b) + 1 in such a

way that the above holds for some 0 < € < 1/2, we proceed to choose Ni

for i = 2,3,... sequentially in such a way that
a a ~
— < — -
N,  Pi-1,1 ’ T opiq,0) > oy, - &,
i i i i
b b ~
Vo T P, e IO = §7 B0 > oy,

1 1 1

This is clearly possible as P;: 4 1”0, I(O,pi 1 1) >0, p; 1) <1y
Tl Tl L )

I(1,p;_,.)) >0 for all i > 2 and ¢
H

N> 0 for N > ~, However, this implie

. o > D. 1 > 2,
that pi’2 < 1)3.__1’1 and pl’3 p1—15h for every 1 > 2. Because we already
made sure that Py 5, <€ < 1-e< Py 3 condition (iii) will be satisfied
E] H
if AO does not contain other points in an e-neighborhood of 0 and 1
besides the points p. ..
1,J
For an arbitrary sequence EN satisfying (L4.5) and for a corres-

ponding set AO that we have just constructed, we consider the sequence

>f likelihood ratio tests (4.3) for H: pel . against K: p¢AO. We shall

0

show that o defined by (4.4) satisfies the conditions ay > 0 and
-log oy = o(N) of theorem 1.1, but that the shortcoming of this sequence
>f likelihood ratio tests does not tend to zero uniformly for all p¢Ao.

By (4.2) and (4.4)

oy < sup P(I(Z(N)ap) i.ZN]P) ’
peAO

ind since NZN > o, Ay > 0 for N -+ » by lemma 2.2. Let Py be an isolated
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point of AO with 0 < P, <1, e.g. Py =Py 4 For z in a sufficient

H
small neighborhood of Pys I(z,AO) = I(z,po) and the absolute value

the derivative of this function is smaller than §. Since ;N >0, t

set

(4.6) Ay = tzlo <z <1, T(z,A,) > ¢}

will contain, for all sufficiently large N, a point z(N) for which

(W)

Nz(N) is an integer and I(z ,po) :-;N + 6N . Hence by lemma 2.6

~ ~

o 3_P(I(Z(N),AO) Z_chpo) > expl-N y - ¢ *0(leg M1,

and as o + 0, -log o_ = o(N) for N » ,

N

For N = Nivwe need a sharper asymptotic lower bound for o

N
N B;

oroperties (ii) and (iii) of the set A,

b _ b _

or all i. It follows'that for every € > 0 we have for all sufficic

large 1
(N,)
1_ b_ -
oy, 2 P2 T =1 - [ p; )
i i
(N.)

' - ~ 1" _ ., _b _b
4.7) = expl-N.c . 1 P(Z =1 - | 1 ) >

i i i

b
> (1-€) e_b %T expl-N . ]
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Also, by properties (i) and (iii) of the set A

for j = 1,2 and all i. Because NdN > 0 for N - = this implies that for

every € > 0

sup P(z ' = 2—-[ p) = max P(z * = é—'l p. .) =
N . N 1,]
peAO 1 J=1,2 1
~ (Ni) a a
= expl-N; ey - dy )] P(2 =% W) <
i i i i

< (1+e) 72 E'-,--exp[—N.~ ]
: 1 Ni

for all sufficiently large i. Together with (4.7) this implies that

there exists a number 0 < ¢ < 1 such that the test T

N
with probability ¢ if Z(N) = a.I\I'—1 has size at most . whenever N = Ni

.. .. ca St .
and 1 1s sufficiently large. Hence, if BN denotes the size-a

that rejects H

N envelope

power for testing H, we have shown that for every € > 0

+ a (Ni) a a —a &
(%8 ey G) zep(z T o= | ny) 2 e0-e) e

mlm

] H]
.

for all sufficiently large i. On the other hand, property (i) of the

set AO ensures that for N = Ni the critical region ZN of the likelihood

ratio test does not contain points in the interval [pi 1°P5 2
H b

lenotes the power of the size—aN likelihood ratio test, this means that

1. If BN

for all i




a
BN.(ﬁI)-i BN.(p

) j_EaN .
; .

i i i

the right-hand side tends to zero for i - =, Together with (4.8)
)roves that the shortcoming of the likelihood ratio test does not

;0 zero uniformly for all péAO.
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